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Section | — Multiple Choice

10 marks
Attempt Questions 1-10. Allow about 15 minutesfor this section.

Use the multiple-choice answer sheet for Questions 1-10.

2 2

1. What is the eccentricity of the ellipse XZ + y? =1?
(A) 2
3
(B) g
(©) ?
®

2. The graph of a function y = f (X) is shown below.

A f (X)
1
: | > X
-2 2
Which of the following statements is true?
(A) f (X) is not continuous at x =2 and f (x) is not differentiable for -2 <x<2
(B) f (x) is not continuous at x=2 and x=-2, and f(x) is not differentiable at x=2
and x=-2
©) f (X) is not continuous at x = 2, but f (x) is differentiable for all x
(D) f (X) is not continuous at x = 2 and not differentiable at x=2 and x=-2



Section | continued

3. The graph below shows a hyperbola, including the equations of the directrices and the
coordinates of the foci.

4
X=—
3

[ J
v

DIAGRAM NOT TO SCALE

The equation of this hyperbola is:

W 5ge

4. The polynomial P(X)=x* + mx’ + nx+ 28 has a double root at x=2.
What are the values of mand n?
(A) m=-11 and n=-12
(B) m=-5 and n=-12
©) m=-11 and n=12

(D) m=-5 and n=12



Section | continued

5. Diagram A shows the complex number z represented in the Argand plane.

Im(2) L
1 1
,’—-‘N\ Z S

,’ \\ /’ \\
,', (3 \ II/ 2_7[ \
] 3 ‘| g ] 3 ‘| _
* ] > * T
\ ! \ ! R
\ /) Re(2) \ ) e(2)
\\ // \\ //

DIAGRAM A DIAGRAM B

Diagram B shows:

(A) z

B) 2z
C) -2z
D) 27

6. Let a, B3, y be the roots of 2x* —5x* +2x—1=0.

. 11 1. .
The equation whose roots are —, E and — is best given by:
o v

(A) X +2¢+25x—2=0
(B) X —2x° +5x—-2=0
(C) x> —2x* +25x—-8=0

(D) —2x° +5x° —2x+1=0



Section | continued

7. How many distinct horizontal tangents can be drawn on the graph of x* + y* + xy—5=07?

(A) 0
(B) 1
©C) 2

(D) More than 2

i
4

8. Jtan3 x dx is equal in value to:
0

(A) % tan® x dx

N%h\ﬁ

|

%
(B) Jz — tan® x dx
4
0

tan x(sec2 X+ 1) dx

(©)

O%h\ﬁ

1N

3
D) J(l—tan xj dx
1+tan x

0



Section | continued

-1 2
9.  The value of '[4/4—x2dx + j 4 — X% dx is:
-2 1

10.

(A)

(B)

(©)

(D)

dx
The statement J - <J
1+x

(A)
(B)
(©)
(D)

A
— <3
. 3
2
— -3
: 3

_h

3

1 1

0 0
Always true
Always false
Only true for positive n

Only true for negative n

1+ Xn+1 IS:

End of Section |



Section ||

90 marks

Attempt Questions 11-16.

Allow about 2 hours 45 minutesfor this section.

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Show relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) [Usea SEPARATE writing booklet] Marks

(@ (i) Find the square root of the complex number 15 —8i . 2
(i) Hence or otherwise, solve 7> +6z—6+8i =0. 1

(b) (i) Write the complex number z=1+/3i in modulus-argument form. 1

(i)  For what values of nis (1+ J3i )n completely real?

Justify your answer with appropriate reasoning. 2

(c) The points A and B represent the complex numbers z =2 —iand z, =8 +1i respectively.

Find all possible complex numbers z,, represented by C such that AABCis

isosceles and right-angled at C. 3

(d) Onthe Argand diagram, sketch the locus of z defined by arg [i;&)j = % . 2
Z_

(e) (i) Sketch y=x(2%), showing all key features. 2

(i)  For what values of k does x (2*) —kx=0 have exactly 2 real roots? 2

End of Question 11



Question 12 (15 marks) [Usea SEPARATE writing booklet] Marks

A, Bx+C_ 1
X—2 X+4 (x=2)(xX*+4)

(@ (i) Findreal numbers A, B and C, such that

(i)  Hence, or otherwise, find j;z dx 2
(x=2)(x"+4)
, p
b)  Using the substitution t=tan— therwise, evaluat - 3
(b) sing the substitution > or otherwise, evaluate Jsm6'+2
0
(c) By considering y=x* —4x+ 3, draw on separate diagrams sketches of:
(i) Yy =x"-4x+3 2
. 1 4 . : . . o[ 1
(i) y=— — — + 3  Hint: Youmay wish to consider thisgraphas y = f < 3
X X

(d) Letl, :jx“exdx.

(i) Showthat I =x"e* —nl

n-1°

2
(ii) Hence evaluate | =Ixzexdx 2
1

End of Question 12



Question 13 (15 marks) [Usea SEPARATE writing booklet]
. . Xy
(@ The base of a solid is the region bounded by the ellipse o] + i =1.

(b)

Its volume consists of semicircular cross sections.

Mr Lee initially believed that the volume of the solid would be the same regardless of
whether the semicircular cross-sections were parallel to the x-axis or the y-axis.

Mr Lee was wrong.

By showing appropriate calculations, find the ratio of the volumes of the two solids.

Let f(X)=5 and g(x)=x+£.
X

(i)  On the same diagram, sketch y= f(x)and y=g(x).

Clearly label any points of intersection.

(i)  The region bounded by y= f(x) and y=g(X) is rotated about the line x =-1.

By using the method of cylindrical shells, find the volume of the solid generated.

Question 13 continues on page 10

Marks



Question 13 continued Marks

(c) Inthe triangle ABC, D is the foot of the altitude from A.

P is any point on AD. The circle drawn with diameter AP cuts AC at Rand AB at S.

A
S NOT TO SCALE
R
P
C ] B
D
Prove that BCRSIs a cyclic quadrilateral. 3
XXy . bx
(d) The hyperbola — — g =1 has asymptotes given by y== 3
a

Show that the product of the lengths of the perpendiculars from any point

2

P (asecd, btan 8) on the hyperbola to its asymptotes is equal to b—2 . 3
e

End of Question 13

10



Question 14 (15 marks)

(@)

(1)
(i)
(iii)

(iv)

(v)

[Usea SEPARATE writing booklet]

Marks

The tangents at P(x, y;) and Q(X, , Y,) on the hyperbola xy =1 intersectat T(X,, Y,).

Show that the tangent at P(X, , y,) has the equation Xy, + yx =2 2
Show that the chord of contact from T has the equation Xy, + yX, =2 2
Show that x and x, are the roots of the equation y,x* —2X+ X, =0 2

Hence, or otherwise, show that the midpoint R of PQ has coordinates (i , ij : 2

Yo %

Hence, or otherwise, show that as T moves on the hyperbola xy=c*, 0<c<1,

R moves on the hyperbola Xy =

ct’

Question 14 continueson page 12

11



Question 14 continued

(b) A particle is travelling in a straight line with speed v m/s.
Its acceleration is given by the equation a=—kv.

Initially it is at the origin travelling at a speed of U m/s.

(i)  Prove that a:vy
dx

(i)  Find an expression for the particle’s velocity v in terms of its displacement x.
(iii) Find an expression for the particle’s velocity v in terms of time t.

(iv) Hence, or otherwise, find its limiting displacement as t — oo

End of Question 14

12



Question 15 (15 marks) [Usea SEPARATE writing booklet] Marks

(@) A cubic equation x> +bx* + cx+d =0 has roots «, 3,7 .
a, 3,y are in geometric progression and the middle root f=-6.

It is also known that af + By + ay =156.

Find the equation of this cubic expressed in the form x° +bx* + cx+d =0. 3

(b) Itis known that X* —6x* +11x+a—4=0 has three distinct integer solutions.

Find the value of a and the three integer solutions. 3

() (i) Findall the fifth roots of 1 and plot them on the unit circle. 1

(i) Let w represent a non-real fifth root of 1, such that 0< argco<% .

Show that the five roots of 1 can be represented as 1, o, »°, ®°, ®" 1
(iii) Show that (1— w)(1- ®*)1-*)(1— ") =5 2
. 4 2w
(iv) Showthat 1-w)(l-w")=2- Zcos? 2
. . . T . 2%
(v) Hence, or otherwise, find the exact value of sin gsm = 3

End of Question 15
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Question 16 (15 marks) [Usea SEPARATE writing booklet] Marks

(@ When a certain polynomial P(x) is divided by (x— 2) its remainder is -5.

When P(X) is divided by (x—1) its remainder is —2.

Find the remainder when P(x) is divided by (x—-1)(x—2). 2
sinx+1
(b) Let f(x)=———.
3sin X+ 2
(i)  Provethat f(X)is a decreasing function for 0 < x< % : 1

T

4
(«/51—21)7Z<J sinx+1 dx< Z 3

3sinx+2 28

z
6

(i)  Hence, or otherwise, prove that

(c) (i) By induction, show that for each positive integer n there are unigue positive
integers p, and @, such that (1+\/§)n =p +q~2 2

(ii) Hence also show that p,* —2q,> =(-1)" 2

Question 16 continues on page 15

14



Question 16 continued Marks

(d) The shaded area in the diagram is bounded by the curves y=sinx,y=cosx and y=1.

This area is rotated around the y-axis.

. y=1
: y = sinx
) >
Yy = COSX
(i) By differentiation or otherwise, show that sin™ y + cos™ yzg 1
(i) By using the method of slicing discs, find the volume of the solid generated. 4

End of Question 16
End of Paper
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STANDARD INTEGRALS

1

Jx”dx = — x™ nz-1; x=0, if n<0
n+1
1
J—dx =Ilnx, x>0
X
ax 1 ax
Je dx = —e% a=z0
a
1 .
Jcosaxdx = —sinax, a=0
a
) 1
Jsm ax dx = —gcos ax, a=0
) 1
.[sec ax dx = atanax, a=0
1
Jsecaxtan axdx = —secax, a0
a
1 1 X
——dx = =tan" =, a=0
J a +x a a
"
1 . X
dx =sin?tZ, a>0, —a<x<a
J aZ—X2 a

1 _ [z _ A2
sz——azdx _In(x+ X a), x>a>0

1 [ 2
J\ﬁdx = In(X+ X2+a2)

NOTE: Inx=log,x, x>0

16
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